maximal surjective Buchsbaum moduleとperfect moduleのテンソル積(次数付可換環のホモロジカルな性質の研究) by 吉田, 健一
Titlemaximal surjective Buchsbaum moduleとperfect moduleのテンソル積(次数付可換環のホモロジカルな性質の研究)
Author(s)吉田, 健一




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
maximal surjective Buchsbaum module $\succeq$
perfect module
– (Ken-ichi Yoshida)
Graduate School of Polymathematics, Nagoya University,
Chikusa-Ku, Nagoya, 464-01, Japan
1
$A$ Noether , $\mathfrak{m}$ , $k=A/\mathfrak{m}$
$A$- $M$ , $\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}\mathrm{e}_{A}M,$ $\mathrm{p}\mathrm{d}_{A}M,$ $\mathrm{i}\mathrm{d}_{A}M$ , $M$
grade, , , $A$- $M$
, $\mathrm{d}\mathrm{e}\mathrm{p}\mathrm{t}\mathrm{h}_{A}M,$ $\dim_{A}M,$ $\mu_{A}(M),$ $\ell_{A}(M)$ , $M$ depth, ,
,
$J$ $e_{J}(\Lambda f)$ , FLC
$i<\dim M$ , local cohomology $\mathrm{H}_{\mathrm{m}}^{i}(M)$
, $M$ $FLC$
$\ell_{A}(M/JM)-e_{J}(M)$ $M$ $J\text{ }\dot{\text{ }}$
$\mathrm{I}_{A}(M)$ , $M$ Buchsbaum $A$-module
$\varphi_{M}^{i}$ : $\mathrm{E}\mathrm{x}\mathrm{t}_{A}(k, M)arrow \mathrm{H}_{\mathfrak{n}\tau}(M)$ $i<\dim M$ ,
, $M$ surjective Buchsbaum A-module
$M$ FLC $(\dim M=r)$ , $h_{A}^{i}(M)=\ell_{A}(\mathrm{H}_{\mathrm{m}}^{i}(M))$ $(i<r)$
,
$\mathrm{I}_{A}(M)=\sum_{i=0}^{r-1}h_{A}^{i}(M)$
, $\mu_{A}(M)=e_{A}(M)+\mathrm{I}_{A}(M),$ $\dim M=\dim A$ ,
$M$ linear maximal Buchsbaum A- module
,
linear $\mathrm{m}\mathrm{a}\mathrm{x}\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{l}\Rightarrow \mathrm{s}\mathrm{u}\mathrm{r}\mathrm{j}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}\mathrm{B}\mathrm{u}\mathrm{c}\mathrm{h}\mathrm{s}\mathrm{b}\mathrm{a}\mathrm{u}\mathrm{m}\Rightarrow \mathrm{B}\mathrm{u}\mathrm{c}\mathrm{h}\mathrm{s}\mathrm{b}\mathrm{a}\mathrm{u}\mathrm{m}\Rightarrow \mathrm{F}\mathrm{L}\mathrm{C}$
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,Theorem 1.1 $A$ $CM$ , $M$ perfect $A$ -module (i.e. $\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}\mathrm{e}_{A}M=$
$\mathrm{p}\mathrm{d}_{A}M),$ $N$ maximal surjec.tive, Buchsbaum $A$ -module $\circ,\overline{rightarrow.}\text{ }$. ,
$.\dot{‘}$.
(1) $M\otimes_{A}$ N. $\iota_{\sim}$ Buchsbaum $A- m..’ \mathit{0}.dul,e$ $\circ$
$\mathrm{K}^{\cdot}$
(2) $\dim M\otimes_{A}N=\dim M$ .
(3) depth $M \otimes_{A}N=\max\{\mathrm{d}\mathrm{e}\mathrm{p}\mathrm{t}\mathrm{h}N-\mathrm{p}\mathrm{d}_{A}M, 0\}$
,-depth $N\geq \mathrm{p}\mathrm{d}_{A}M$ ,
(4) $M\otimes_{A}N$ surjective Buchsbaum $A- modu\dot{l}e$ $\circ$
, , $\mathrm{H}_{\mathrm{m}}^{i}(M\otimes_{A}N)$
Theorem 1.2 $A,$ $M,$ $N$ ,
$\mathrm{H}_{\mathrm{m}}^{j}.(M\otimes_{A}N\rangle\cong\dot{.}\bigoplus_{=0}^{d-1}\mathrm{T}\mathrm{o}\mathrm{r}_{i-j}^{A}(M, k)^{h_{\dot{A}}(N)}.$ $(\forall j<\dim M)$
Corollary 1.3 $A$ $CM$ , $M$ pe ect A-module , $\dim M\geq 1$
$N$ maximal surjective Buchsbaum $A$ -module
, 2
(1) $N$ maximal CM A-module
(2) $M\otimes_{A}N$ CM A-module
, , , (1.2)
, ,
Theorem 1.4 ([6, Theorem (3.3)]) $A$ $CM$ , $K_{A}$ $A$
canonical module $M$ $A$ -module ,
(1) $M\otimes_{A}K_{A}$ $CM\Leftrightarrow M$ $C\Lambda I_{0}$
(2) , $M\otimes_{A}K_{A}$ surjective Buchsbaum $A$ -module $M$
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2
. :: . , $.\backslash$ $\cdot$
$A$ , $M,$ $N$ $0$ A-
(1.1) , $N$ maximal CM $A$-module
(2.1) depth $A\leq \mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}\mathrm{e}_{A}M+\dim M\leq\dim A$ .
(2.2) $\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}\mathrm{e}_{A}$ M $\leq \mathrm{p}\mathrm{d}_{A}M$ .
(2.3) (Auslander-Buchsbaum) $\mathrm{p}\mathrm{d}_{A}M<\infty$ , $-$ ‘
depth $A=\mathrm{p}\mathrm{d}_{A}M+\mathrm{d}\mathrm{e}\mathrm{p}\mathrm{t}\mathrm{h}M$ .
(2.4) (Intersection Theorem) $\mathrm{p}\mathrm{d}_{A}M<\infty$ ,
$\dim N\leq\dim M\otimes_{A}N+\mathrm{p}\mathrm{d}_{A}M$ . $\sim$
(2.5) $A$ CM $A$-module , CM
(2.6) $A$ CM , $\mathrm{p}\mathrm{d}_{A}M<\infty$ , $M$ $\mathrm{p}\mathrm{e}\mathrm{r}.\mathrm{f}\mathrm{e}\mathrm{c}\mathrm{t}\wedge$ b $6arrow \text{ }arrow \text{ }.\cdot M$
CM . $\vee$
Lemma 2.7 $M$ perfect A-module , $\dim N=\dim A=d$
, $\dim M\otimes_{A}N=\dim M$
Proof (2.4) (2.1) , QED
Lemma 2.8 $\mathrm{p}\mathrm{d}_{A}M<\infty$ , $N$ maximal CM A-module
, $\mathrm{T}\mathrm{o}\mathrm{r}_{i}^{A}(M, N)=0$ $(\forall i\geq 1)$
Proof Buchsbaum-Eisenbud acyclicity criterion ([2]) $\mathrm{Q}\mathrm{E}\mathrm{D}$ .
..




, $N$ CM A-module $(l.1)$
Proposition 2.10 $M$ perfect 2 $N$ maximal CM $A$ -module
, $M\otimes_{A}N$ CM $A$ -module , $\dim M\otimes_{A}N=\dim M$
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Proof. $d=\dim A,$ $s=\mathrm{p}\mathrm{d}_{A}M<\infty$ (2.8) (2.9) , depth $M\otimes_{A}$
$N=d-s$
, $M$ perfect , $\dim M\otimes_{A}N=\dim M\leq\dim A-\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{d}\mathrm{e}_{A}M=$
$d-s$ , $M\otimes_{A}N$ CM A-module QED
, ,
Corollary 2.11 $A$ $I$ , $\dim A/I+\mathrm{h}\mathrm{t}_{A}I=\dim A$
, $\mathrm{p}\mathrm{d}_{A}M<\infty$ $M$ ,
(1) $M$ perfect
(2) maximal CM A-module $N$ , $M\otimes_{A}N$ CM A-module
, $\dim M\otimes_{A}N=\dim M$
(3) maximal CM $A$ -module $N$ , $M\otimes_{A}N$ CM $A$ -module ,
$\dim M\otimes_{A}N=\dim M$
, (1.1), (1.2) – $N$ , $A$ CM
, , maximal surjective Buchsbaum A-module
$N$ ,
, maximal surjective Buchsbaum A-module
Theorem 2.12 ([3], [6, Theorem (3.1)]) $A$ $d$ $CM$ ,
$K_{A}$ canonical module $F$ . $arrow k$ $k$ $A$
, (-)* $\mathrm{H}\mathrm{o}\mathrm{m}_{A}(-, A)$
, $L_{i}$ : $i=0,1,$ $\cdots,$ $d$ ,
$0arrow F_{0}^{*}\otimes K_{A}arrow F_{1}^{*}\otimes K_{A}arrow\cdotsarrow F_{d-i}^{*}\otimes K_{A}arrow L_{i}arrow 0$ $(\mathrm{e}\mathrm{x})$
, $L_{i}$ , maximal surjective Buchsbaum A-module ,
,
$h_{A}(L_{j})=\delta_{ij}$ $(\forall i=0,1, \cdots, d-1;\forall j=0,1, \cdots, d)$
, $A$ , $L_{0}=k$




,Lemma 2.13 $A$ , $M$ $A$ - , $i$
, $\ell(\mathrm{T}\mathrm{o}\mathrm{r}_{i}^{A}(M/xM, k))$ $M$ - $x$
$N$ (1.1), (1.2) $A$
, (2.1) , $\dim M\otimes_{A}N=\dim M$ $r$ , $r\geq 1$
, , $M\otimes_{A}L_{i}$ Buchsbaum $(i=0,1, \cdots, d)$
, $i=0$ $A$ , $\overline{L_{0}}=L_{0}/H_{\mathrm{m}}^{0}(L_{0})$
, $\overline{L_{0}}$ maximal CM $A$-module ,
$\mathrm{O}arrow M\otimes_{A}karrow M\otimes_{A}L_{0}arrow M\otimes_{A}\overline{L_{0}}arrow 0$ $(\mathrm{e}\mathrm{x})$
, $M\otimes_{A}\overline{L_{0}}$ CM A-module , $M\otimes_{A}L_{0}$ surjective
Buchsbaum $A$-module $-C^{\backslash }$ ,
$\mathrm{H}_{m}^{0}(M\otimes_{A}L_{0})--M\otimes_{A}k$ , $\mathrm{H}_{m}^{i}(M\otimes_{A}L_{0})=0$ $(1\leq\forall i<\cdot r)$
$A$
, $i=1$ , $X_{k}=\mathrm{H}\mathrm{o}\mathrm{m}_{A}(\mathrm{s}\mathrm{y}\mathrm{z}_{d-}^{A}(k), K_{A})$
, $M\otimes_{A}X_{k}$ CM $A$-module ,
$0arrow L_{1}arrow X_{k}arrow karrow \mathrm{O}$ $(\mathrm{e}\mathrm{x})$
, . ‘
‘




$J$ $M\otimes_{A}L_{1}$ , $\mathrm{S}\mathrm{u}\mathrm{p}\mathrm{p}_{A}(L_{1})=$ .





$0 arrow \mathrm{T}\mathrm{o}\mathrm{r}_{1}^{A}(M/JM, k)arrow\frac{M\otimes L_{1}}{J(M\otimes L_{1})}arrow\frac{M\otimes X_{k}}{J(M\otimes X_{k})}arrow M\otimes_{A}karrow 0$ $(\mathrm{e}\mathrm{x})$
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,$\ell(\frac{M\otimes L_{1}}{J(M\otimes L_{1})})-e_{J}(M\otimes_{A}L_{1})=\ell(\mathrm{T}\mathrm{o}\mathrm{r}_{1}^{A}(M/.JM, k))-\ell(M/\mathfrak{m}M)\backslash$
, $M$ CM $A$-module , (2.13) ) $J$
, $M\otimes_{A}L_{1}$ Buchsbaum A-module
, $M\otimes_{A}L_{i-1}$ Buchsbaum A-module $(2 \leq i\leq d)$ ,
$M\otimes_{A}L_{i}$ Buchsbaum $A$-module ,
$0arrow L_{i}arrow F_{d-i+1}^{*}\otimes_{A}K_{A}arrow L_{i-1}arrow 0$ $(\mathrm{e}\mathrm{x})$
$X=F_{d-i+1}^{*}\otimes_{A}K_{A}$ $M\otimes_{A}-$
,
$0arrow \mathrm{T}\mathrm{o}\mathrm{r}_{1}^{A}(M, L_{i-1})arrow M\otimes_{A}L_{i}arrow M\otimes_{A}Xarrow M\otimes_{A}L_{i-1}arrow 0$ $(\mathrm{e}\mathrm{x})$
$J$ $M\otimes_{A}L$: , $J$ $M$
,





, $M\otimes_{A}L_{i}$ Buchsbaum A-module
, ,
$\mathrm{H}_{m}^{j}(M\otimes_{A}L_{i})\cong \mathrm{T}\mathrm{o}\mathrm{r}_{i-j}^{A}(M, k)$ $(\forall j\leq r-1)$
(1.2)
(1.1) (4) , $\mathrm{T}\mathrm{o}\mathrm{r}_{i}^{A}(M, L_{t})=0(\forall i\geq 1, \forall t\geq s=\mathrm{p}\mathrm{d}_{A}M)$
, Bass number criterion (e.g. [13, Theorem (1.2)]) (2.9) ,
(cf. [15]) QED
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, maximal surjective Buchsbaum module $N$ ,
, Buchsbaum (cf. [11], [12])
A-\not\supset O $L(r=\dim L)$ , $L$ Buchsbaum A-module
, $L$ FLC , $\mathfrak{m}$ L-basis
$a_{1},$ $\cdots$ , $a_{v}$ $(v=\mathrm{e}\mathrm{m}\mathrm{b}(A))$ : $1\leq i_{1^{-}}<\vee\ldots<$
$i_{r}\leq v$ ,
$\ell(L/JL)-e_{J}(L)=.\sum_{i=0}^{r-1}h_{A}^{i}(L)$
, $J=(a_{i_{1}}, \cdots, a_{i_{f}})A$
(1.1), (1.2) $A$ , $\dim M=r\geq 1$ $N$
maximal surjective Buchsbaum A-module ,
$\mathrm{O}arrow Narrow Yarrow Xarrow \mathrm{O}$
${ }$
(ex)-
$A$ finite injective hull , $Y$
, $X$ MCM A-module $($ cf. $[1])_{\circ}$ , $Y$ maximal surjective
Buchsbaum A-module , depth $Y=\mathrm{d}\mathrm{e}\mathrm{p}\mathrm{t}\mathrm{h}$ N , $\mathrm{T}\mathrm{o}\mathrm{r}_{1}^{A}(M, X‘)=0$ ,,
,
$\mathrm{O}arrow M\otimes_{A}Narrow M\otimes_{A}Yarrow M\otimes_{A}Xarrow \mathrm{O}$ $(\mathrm{e}\mathrm{x}).\cdot$ (2.14)
, $M\otimes_{A}X$ CM A-module ,
depth $M\otimes_{A}N$ $=$ depth $M\otimes_{A}Y$
$=$ $\max$ {depthN- $\mathrm{p}\mathrm{d}_{A}M,$ $0$}-
, $\underline{a}=a_{1},$ $\cdots,$ $a_{v}$ $\mathfrak{m}$ M-basis $\underline{a}$ $M\otimes_{A}$ N-basis
, $M\otimes_{A}N$ Buchsbaum , $1\leq i_{1}<$
. . . $<i_{r}\leq v,$ $J=(a_{i_{1}}, \cdots, a_{i_{r}})A$ ,
$\ell(\frac{M\otimes_{A}N}{J(M\otimes_{A}N)})-e_{J}(M\otimes N)=\sum_{i=0}^{r-1}h_{A}^{i}(M\otimes N)$
. .-. $Jf$
, $J$ $M$ , $\mathrm{T}\mathrm{o}\mathrm{r}_{1}^{A}(A/I\wedge’ M\otimes_{A}X)-.$
.
$=0$
, $M\otimes_{A}Y$ Buchsbaum ,
$p( \frac{M\otimes N}{J(M\otimes N)})-e_{J}(M\otimes_{A}N)$ $’arrow$
$\wedge$
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$=$ $p( \frac{M\otimes Y}{J(M\otimes Y)})-e_{J}(M\otimes_{A}Y)-\{\ell(\frac{M\otimes X}{J(M\otimes X)})-e_{J}(M\otimes_{A}X)\}$
$=$ $\sum_{i=0}^{r-1}h_{A}^{i}(M\otimes_{A}Y)$
$=$ $. \cdot\sum_{=0}^{r-1}h_{A}^{i}(M\otimes_{A}N)$
, $M\otimes_{A}N$ Buchsbaum A-module
, (1.2) local cohomology , (2.14) ,
$N$ QED
, (1.3)
(1.3) (2) $\Rightarrow(1)$ $\dim M\geq 1$ , $M\otimes_{A}N$ CM
A-module $A$ ,
$\mathrm{O}arrow Narrow Yarrow Xarrow \mathrm{O}$ $(\mathrm{e}\mathrm{x})$
$N$ finite injective hull , $Y$ maximal surjective Buchsbaum
A-module , $N$
, (2.12) $L_{t}$ $N$ $(0\leq t\leq d)$ , $M\otimes_{A}L_{t}$
$\mathrm{C}\mathrm{M}_{0}$ , (1.2) ,
$\mathrm{T}\mathrm{o}\mathrm{r}_{t-:}^{A}(M, k)=0$ $(\forall i=0,1, \cdots, r-1)$
, $t-(r-1)\underline{>}\mathrm{p}\mathrm{d}_{A}M+1=d-r+1$ , t=d , $N$
maximal CM A-module QED
,
Example 2.15 $A$ , $M$ $\dim M\geq 1$ CM A-module
, , $M\otimes_{A}\mathrm{s}\mathrm{y}\mathrm{z}_{t}^{A}(k)$ CM $A$ -module $(\exists t\geq 1)$ ,
$M$ perfect
3
, $N$ linear maximal CM [resp. Buchsbaum] A-module , $f$
, $N/fN$ linear maximal CM [resp. Buchsbaum] $A/fA$-module
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, , $-\otimes_{A}A/fA$ , perfect A-module
$M$ , (1.2)
Theorem 3.1 (cf. [5, Theorem (2.2)]) $A$ $CM$ , $f\in \mathfrak{m}$
$\mathrm{g}\mathrm{r}_{\mathrm{m}}(A)$ initial form ,
, perfect $A$ -module $M$ , :
(1) $M$ maximal CM $A/fA$ -module
(2) linear maximal Buchsbaum $A$ -module $N$ ,
(a) $M\otimes_{A}N$ linear maximal Buchsbaum $A/fA$ -module
(b) $\dim M\otimes_{A}N=\dim N-1$ .
(c) depth $M \otimes_{A}N=\max\{\mathrm{d}\mathrm{e}\mathrm{p}\mathrm{t}\mathrm{h}N-1,0\}$ .
, [5, Theorem (2.2)] Buchsbaum
(3.1) $f\in \mathfrak{m}\backslash \mathfrak{m}^{2}$ , $M=A/fA$
, [5, Theorem (2.2)] , $s$ , $f$
$s$ – matrix factorization $\alpha=(\alpha_{1}, \cdots, \alpha_{n})$ , $I(\alpha_{i})=$
$\mathfrak{m}(\forall i)$ , $\alpha_{1}=\cdots=\alpha_{n}$ , $M=\mathrm{C}\mathrm{o}\mathrm{k}(A^{s}arrow A^{s})\alpha$
, $s=\mu_{A}(M)$ , $n$ $f^{*}$ , $M$ (1)
perfect A-module
(2) linear maximal Buchsbaum $A$-module N.
, depth $N\geq 1$ (cf. [14])
, [5, Theorem (2.2)] ,
$e_{A}(M \otimes_{A}N)=\mu_{A}(M)\cdot\frac{e_{\overline{A}}(\overline{N})}{n}=\mu_{A}(M)\cdot e_{A}(N)$
(cf. [16]) , $\overline{A}=A/fA$
, (1.2) $M,$ $N$ , $\forall j<d-1=$
$\dim M$ ,
..
(M\otimes A $N$ ) $= \sum_{i=0}^{d-1}\beta_{i-j}^{A}(M)\cdot h_{A}^{i}(N)=\mu_{A}(M)\cdot(h_{A}^{j}(N)+h_{A}^{j+1}(N))$
37
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